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Spin

Spin (s) of a particle is an intrinsic angular momentum, not related to

position and momentum. The theory of spin is totally dependent on

the commutation relations:

[Sx, Sy] = i~Sz, [Sy, Sz] = i~Sx, [Sz, Sx] = i~Sy,

As orbital angular momentum, the eigenvectors of S2 and Sz satisfy:

S2|s m〉 = ~2s(s+ 1)|s m〉, Sz|s m〉 = ~m|s m〉.

Defining the ladder operators as S± = Sx ± iSy, they satisfy

S±|s m〉 = ~
√
s(s+ 1)−m(m± 1)|s (m± 1)〉.

Note that the value of s and m can be

s = 0,
1

2
, 1,

3

2
, · · · ; m = −s,−s+ 1, · · · , s− 1, s.
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Spin
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Spin 1/2

We define two states of spin 1/2 system as:

| ↑〉 = χ+ =

(
1

0

)
, | ↓〉 = χ− =

(
0

1

)
.

Then, S2 and Sz matrices are defined as

S2 =
3

4
~2
(

1 0

0 1

)
, Sz =

~
2

(
1 0

0 −1

)
.

According to the definition, the ladder operators are given by

S+ = ~

(
0 1

0 0

)
, S− = ~

(
0 0

1 0

)
.
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Spin 1/2

Since S± = Sx + iSy,

Sx =
~
2

(
0 1

1 0

)
, Sy =

~
2

(
0 −i
i 0

)
, Sz =

~
2

(
1 0

0 −1

)
.

Then, we define the famous Pauli spin matrices as S = (~/2)σ,

σx =

(
0 1

1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0

0 −1

)
.

Note that the eigenvalues of the Pauli matrices are 1 and −1.

5



Electron in a Magnetic Field

Magnetic moment of electron having a spin is

µ = γS. (1)

The Hamiltonian of this particle is then

H = −µ ·B = −γB · S. (2)

Therefore, the particle with a spin tends to align parallel to B.
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Lamor Precession

Consider a particle with spin 1/2 in a magnetic field B = B0k̂ in z

direction. The Hamiltonian of this particle is

H = −γB · S = −γB0Sz = −γB0~
2

(
1 0

0 −1

)
.

The eigenstates are

| ↑〉 =

(
1

0

)
: E+ = −(γB0~)/2,

| ↓〉 =

(
0

1

)
: E− = +(γB0~)/2.
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Lamor Precession

General solution of Schrödinger equation is

χ(t) = a| ↑〉e−iE+t/~ + b| ↓〉e−iE−t/~ =

(
aeiγB0t/2

be−iγB0t/2

)
.

The initial condition of this particle can be expressed as

χ(0) =

(
a

b

)
=

(
cos(α/2)

sin(α/2)

)
.

Finally, we obtain

χ(t) =

(
cos(α/2)eiγB0t/2

sin(α/2)e−iγB0t/2

)
.
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Lamor Precession

The expectation value of Sx, Sy, and Sz are

〈Sx〉 = χ(t)†Sxχ(t) = χ(t)†
~
2

(
0 1

1 0

)
χ(t)

=
~
2

sinα cos(γB0t).

〈Sy〉 = −~
2

sinα sin(γB0t).

〈Sz〉 =
~
2

cosα.

Lamor’s frequency is ω = γB0.
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Stern-Gerlach Experiment

An inhomogeneous magnetic field is given by

B = −αxî+ (B0 + αz)k̂.

Then, the Hamiltonian and force on a particle with a spin 1/2 is

H = −µ ·B,
F = −∇(−mu ·B) = ∇(µ ·B) = γα(−Sxî+ Sz k̂).

Due to the Lamor precession, 〈Sx〉 = 0 and the force in z direction Fz
is given by

Fz = γαSz.
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Stern-Gerlach Experiment

Suppose that the initial state of an electron is | ↑〉. Check Sx, Sy, and

Sz:

〈Sx〉 =
(

1 0
) ~

2

(
0 1

1 0

)(
1

0

)
= 0,

〈Sy〉 =
(

1 0
) ~

2

(
0 −i
i 0

)(
1

0

)
= 0,

〈Sz〉 =
(

1 0
) ~

2

(
1 0

0 −1

)(
1

0

)
= 1.
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Boson and Fermion

Spin is strongly related to quantum statistical mechanics. Particles

can be classified into two kinds depending on spin values.

• Boson: s = 0, 1, 2, · · · .
• Fermion: s = 1/2, 3/2, 5/2, · · · .
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