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Canonical Ensemble

Boltzmann’s Distribution

Canonical Ensemble describes an equilibrium system which can
exchange energy with a heat bath at a known temperature 7. Hence,
its energy E is not confined and conserved. And, any energy is
allowed. But, the probability distribution P(E;) depending on its
energy E is no longer uniform but is P(E,) ~ e #Fs.
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onical Ensemble

Maximum Entropy

The prior probability distribution maximizes entropy while respecting
macroscopic constraints. Now, we have two constraints: normalization
>, P; =1 and average energy » . P;E; = (E). Applying the Lagrange
multiplier method,

S — /\ZP—I ZPE
ZPlogP—)\ZP—l ZPE

> [logaadi’;ipi ~A-BY R
[

—logP,—1—A—BE;]| =0
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Canonical Ensemble

Maximum Entropy

It leads
—logPi—l—A—BEiZO.
Thus,
Pi ~ eiﬂEi,
and finally we obtain
P» = 76 IB = le_'BE7
D/ ’

where the normalization factor Z is called as “partition function”,

Z = Z e PE:. (1)
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onical Ensemble

Contact to Heat Bath

Assuming that the composite system of heat bath and the system of
interest is isolated, the distribution for the energy in the system is

_ Q(E)Qp(Ep)
PE) =4 (5t Bp)’

where g is the number of state for the energy in the heat bath and
Qr is the number of state for the energy in the total system. Taking
the logarithm,

log P(E) = log Q(E) + log Qp(Er — E) — log Qr(ET),
where Er = E 4+ Ep. Expand log Qg in powers of F,

OlogQp(Er)

log P(E) ~ log Q(E) +log Qp(ET) — < I

) E — log QT(ET)
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Contact to Heat Bath

dlog U (F
log P(E) ~ log Q(E) + log Qp(Er) — <OgaEBT(T)> E —log Qr(Er)

1 0Sp(E
=1logQ(E)—-F 1 955(Br) +log Qp(Er) —log Qr(ET)
kg OEr

=logQ(E) — BE — log Z,

where 3 = ﬁ 95 gE(E ), Finally we obtain canonical distribution again,

—BE;

e 1

P=—=———= —e PEi
S, e PE: 7
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Temperature

Temperature

What is § in the previous calculation? Consider two energetically
connected systems. Note that

Q1 (E1)Q2(F — Ey)

Pi(Er) = “H
Py(Ey) = QQ(E?&ZI((EE) —5)

At the equilibrium, P; (P,) is a very sharply peaked function near its
maximum at E} (E3). Thus, we have

dQ(E1)Qe(E — Ey)

=0.
dEy
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Temperature

Temperature

A (B0 (B — Br)  d(Ey)

— QQ(E—E1)+Ql(E1)M

dE1 dE1 dEl
A0y (By) 42 (E — Ey)
= TElﬁz(E Ey) + Ql(El)T
o dQl(El) dQZ(E2) _
= T&QQ(EQ) - Ql(El)TEz =0.

Therefore, we find that

1 d(B) 1 dQy(Ey)
QO dE; Qo dEs

as, _ ds;
dE  dE’

At equilibrium, % is constant and we define it as
1 0s
ok @
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Temperature

Short Summary of Canonical Ensemble

PZ = Ee_ﬂE1,

Z:ZeiﬁEl,

G105 _ 1
kg OE kT
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Partition function

Partition function

The partition function is
Z = Z e BB,
i

o The partition function Z is just the normalization factor.
o At the same time, the partition function Z is not just the
normalization factor.

Let us see how to calculate the average energy, the specific heat and
the entropy by using Z.

Byungjoon Min Canonical Ensemble



Partition function

Average Energy & Specific Heat

The average energy (F) is given by

F; —BE; 105 . e BE:
<E>:ZPiEi:Zl ‘ 2i¢

Z - Z op
_ 190z  0dlogZz
ZoB 0B

The specific heat ¢, at constant volume is

_o(E) _ 9(E) 9B
New =51 = 95 a7
1 O(E) 1 0%logZ

T T kgT? 08  kpT? 0B
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Partition function

Entropy

The entropy is S = —kp >, P;log P;. Thus,

S=—-kpy PlogP

e PE: e~ BEi
:kaZ 7 log[ ~ ]
kp BE;
= Ze [—BE; —log Z]
= kB[3<E> + kg IOgZ
(E)
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Partition function

Free Energy

The Helmholtz free energy can be defined by using Z:

S = @ + kplog Z,
A=—kpTlogZ = (E) —TS.

The free energy is the energy available to do work. In addition, the
entropy is minus the derivative of A with respect to T,

8714_ 8—]€BT10gZ
or oT

log Z
:—k‘BlogZ—chTa o8 8—6

o8 oT
= —kplog Z — kgT(E)

kpT?

E
:kalong% =-S.
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Partition function

Fluctuation of Energy and Susceptibility

Consider again the specific heat ¢, at constant volume.

o(E) _ o(E) 9

New="31 =95 or
_ 1 oB)
 kgT? 0B

. 1 0 Zl Eie_ﬁEi
__k‘BTzﬁ Zie_BEi
L [SmBR (S Ee )
kpT? Z 7?2

— s (B - (B
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Partition function

Microcanonical Ensemble and Canonical Ensemble

Defining energy fluctuation o = 1/(E?) — (E)? per particle, since
2
Ne, = ;725 the energy fluctuation is given as

op/N = /(E?) = (E)?/N
= /(ksT)(c,T)/VN.

The fluctuation will not change the macroscopic properties at the
thermodynamics limit N — oo because

1
op/N ~ —.
BN~ 5

Therefore, the constant energy (microcanonical ensemble) and
constant temperature (canonical ensemble) predict the same
macroscopic behavior.
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