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Hamiltonian Mechanics

Hamiltonian Mechanics

dg OH dp  OH
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Hamiltonian Mechanics

Lagrangian Mechanics

Action minimization:

05 =9 / Ldt.
Lagrangian:
L=T-YV
Lagrange Equation:
oL doL _
Oq dt 9q
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Hamiltonian Mechanics

Energy Conservation

We consider the Lagrangian, L(q,q,t). The time derivative of the
Lagrangian is given by

dL_oLdg  OLdi 0L

dt  Oqdt 0¢dt ot’

oL  d oL d

o dtog at’ P
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Hamiltonian Mechanics

Energy Conservation

It leads

AL iy pip 2L 4 0L
at ~ PITPIT o T @ MY T o
Lagrangian is not conserved with time. But, if we define the

Hamiltonian as

the equation becomes:
ai _ oL
d  ot’

Then, Hamiltonian is conserved if Lagrangian does not depend on
time explicitly.
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Hamiltonian Mechanics

Hamilton’s Equation

Hamiltonian is given by
H=p¢— L.
The variation of the Hamiltonian is

0H = ¢ép + pdq — oL

oL oL
= Go 0G — —0q — ——04.
gop + pog dq q a4 q
Since p = %5 and p = %’
0H = ¢op — pdq.
Considering that H is a function of p and ¢,
OH OH
0H = —dp+ —dq.
dp P+ 0q ¢
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Hamiltonian Mechanics

Hamilton’s Equation

Finally, we obtain Hamilton’s equations (two first order equations):

,_o0H . 0H
q_ﬁp’ p= aq-
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Phase Space

Phase Space

dg 9H dp  9H

dt — dp’ dt  oq’
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Fositien

i
| |
] Time
| q
| ]
1 i
Velocity |
| i

Simple Harmonic Motion (from Wikipedia)

Position
—

Magni tude

|
i
|
|
|
1
|
|
|
|
|
|
|
|
|
i Velocity

>n Min Liouville’s Theorem & Ergodicity



Phase Space

Simple Harmonic Oscillators

2

D 1 2 2
H=— 4+ - .

om 2"

2mH = p? + (mwq)?.

Simple harmonic motion corresponds to a circular motion in phase
space (p, q).
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Liouville Theorem

Liouville (Liouville-Gibbs) Theorem

Hamiltonian Mechanics

=T p=_27 H — AE.
Q=% P , (p.q)

We consider (p, ¢) as fluids with the density p and current J in phase
space. Then, the continuity equation is
Ip
—=-V-.J
ot

where the divergence is

V.o vy, % v,

8x+8y+8z_




Liouville Theorem

Liouville (Liouville-Gibbs)

Theorem

The current in phase space is J = ptv. Then, the continuity equation

gives
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Liouville Theorem

Liouville (Liouville-Gibbs) Theorem

Rearranging the equation:

+z[

_Op Op OH
ot +zi: {8%‘ Op;

dp

p —_
E—’_{er}_ dt,

where the Poisson bracket {A, B} is
0A OB

wer- 355 -
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Liouville Theorem

Liouville (Liouville-Gibbs) Theorem

do _

@ incompressible flow
@ volume in phase space is conserved

no attractors

@ microcanonical ensembles are time independent
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Ergodicity

Ergodicity

e Ergodicity: energy surface in phase space is thoroughly stirred by
the time evolution.

@ time average = ensemble average

_ [ f(a,p)p(q, p)dgdp
J pla,p)dadp

_ 1 [T

f=7 [ flapdt.

0

()

Can we show that our systems are ergodic? Well, usually not.
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Ergodicity

Where to go next. ..

Let us go to microcanonical ensemble.
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