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Phonon Statistics

Bose-Einstein Distribution and Density of States

Phonons are quantized thermal waves in a solid. Like photon
(quantized electromagnetic waves), they obey a wave equation:
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We already have all ingredients to analyze phonon statistics,
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Einstein Model

Harmonic Solid

At equilibrium, N atoms in a solid can be described by atoms in a
harmonic potential (for more details, take solid-state physics course).
Therefore, the energy is
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Since phonons are bosons, we can apply Bose-Einstein statistics with
1 = 0 (thermal phonons can be created or destroyed by random
energy fluctuations),
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Einstein Model

Einstein Model (w; = w)

When all modes have the same frequency, we can simply calculate the
energy
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When T = 0 (low temperature),
Cy~T 2 VT,
When T — oo (high temperature),

Cy ~3Nkp.
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Debye Model

Debye Model

There should be the maximum frequency wp due to the smallest wave
length as the spacing between atoms. It is impossible for sound waves
to propagate through a solid with wavelength smaller than the atomic
spacing (frequency larger than ~ 1/A. Then,
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and it gives
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Debye Model

The energy is then
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Letting ¢ = Shw and zp = Tp /T, we have
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Debye Model
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When T' <« Tp (low temperature),
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When T > Tp (high temperature),
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